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C7. Let P1, . . . , Ps be arithmetic progressions of integers, the following conditions being
satisfied:

(i) each integer belongs to at least one of them;
(ii) each progression contains a number which does not belong to other progressions.
Denote by n the least common multiple of steps of these progressions; let n � pα1

1 . . . pαk

k be
its prime factorization. Prove that

s © 1� ķ

i�1

αippi � 1q.
(Germany)

Solution 1. First, we prove the key lemma, and then we show how to apply it to finish the
solution.

Let n1, . . . , nk be positive integers. By an n1 � n2 � � � � � nk grid we mean the set N �tpa1, . . . , akq : ai P Z, 0 ¨ ai ¨ ni � 1u; the elements of N will be referred to as points. In this
grid, we define a subgrid as a subset of the form

L � tpb1, . . . , bkq P N : bi1 � xi1 , . . . , bit � xitu, (1)

where I � ti1, . . . , itu is an arbitrary nonempty set of indices, and xij P r0, nij � 1s (1 ¨ j ¨ t)
are fixed integer numbers. Further, we say that a subgrid (1) is orthogonal to the ith coordinate
axis if i P I, and that it is parallel to the ith coordinate axis otherwise.

Lemma. Assume that the grid N is covered by subgrids L1, L2, . . . , Ls (this means N � �s

i�1 Li)
so that

(ii1) each subgrid contains a point which is not covered by other subgrids;
(iii) for each coordinate axis, there exists a subgrid Li orthogonal to this axis.
Then

s © 1� ķ

i�1

pni � 1q.
Proof. Assume to the contrary that s ¨ °ipni � 1q � s1. Our aim is to find a point that is not
covered by L1, . . . , Ls.

The idea of the proof is the following. Imagine that we expand each subgrid to some maximal
subgrid so that for the ith axis, there will be at most ni � 1 maximal subgrids orthogonal to
this axis. Then the desired point can be found easily: its ith coordinate should be that not
covered by the maximal subgrids orthogonal to the ith axis. Surely, the conditions for existence
of such expansion are provided by Hall’s lemma on matchings. So, we will follow this direction,
although we will apply Hall’s lemma to some subgraph instead of the whole graph.

Construct a bipartite graph G � pV Y V 1, Eq as follows. Let V � tL1, . . . , Lsu, and let
V 1 � tvij : 1 ¨ i ¨ k, 1 ¨ j ¨ ni�1u be some set of s1 elements. Further, let the edge pLm, vijq
appear iff Lm is orthogonal to the ith axis.

For each subset W � V , denote

fpW q � tv P V 1 : pL, vq P E for some L P W u.
Notice that fpV q � V 1 by (iii).

Now, consider the set W � V containing the maximal number of elements such that |W | ¡|fpW q|; if there is no such set then we set W � ∅. Denote W 1 � fpW q, U � V zW , U 1 � V 1zW 1.
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By our assumption and the Lemma condition, |fpV q| � |V 1| © |V |, hence W � V and U � ∅.
Permuting the coordinates, we can assume that U 1 � tvij : 1 ¨ i ¨ ℓu, W 1 � tvij : ℓ�1 ¨ i ¨ ku.

Consider the induced subgraph G1 of G on the vertices U Y U 1. We claim that for every
X � U , we get |fpXqXU 1| © |X| (so G1 satisfies the conditions of Hall’s lemma). Actually, we
have |W | © |fpW q|, so if |X| ¡ |fpXq X U 1| for some X � U , then we have|W YX| � |W | � |X| ¡ |fpW q| � |fpXq X U 1| � |fpW q Y pfpXq X U 1q| � |fpW YXq|.
This contradicts the maximality of |W |.

Thus, applying Hall’s lemma, we can assign to each L P U some vertex vij P U 1 so that to
distinct elements of U , distinct vertices of U 1 are assigned. In this situation, we say that L P U

corresponds to the ith axis, and write gpLq � i. Since there are ni � 1 vertices of the form vij ,
we get that for each 1 ¨ i ¨ ℓ, not more than ni � 1 subgrids correspond to the ith axis.

Finally, we are ready to present the desired point. Since W � V , there exists a point
b � pb1, b2, . . . , bkq P NzpYLPW Lq. On the other hand, for every 1 ¨ i ¨ ℓ, consider any subgrid
L P U with gpLq � i. This means exactly that L is orthogonal to the ith axis, and hence all
its elements have the same ith coordinate cL. Since there are at most ni � 1 such subgrids,
there exists a number 0 ¨ ai ¨ ni � 1 which is not contained in a set tcL : gpLq � iu. Choose
such number for every 1 ¨ i ¨ ℓ. Now we claim that point a � pa1, . . . , aℓ, bℓ�1, . . . , bkq is not
covered, hence contradicting the Lemma condition.

Surely, point a cannot lie in some L P U , since all the points in L have gpLqth coordinate
cL � agpLq. On the other hand, suppose that a P L for some L P W ; recall that b R L. But the
points a and b differ only at first ℓ coordinates, so L should be orthogonal to at least one of
the first ℓ axes, and hence our graph contains some edge pL, vijq for i ¨ ℓ. It contradicts the
definition of W 1. The Lemma is proved. l

Now we turn to the problem. Let dj be the step of the progression Pj . Note that since
n � l.c.m.pd1, . . . , dsq, for each 1 ¨ i ¨ k there exists an index jpiq such that pαi

i

�� djpiq. We
assume that n ¡ 1; otherwise the problem statement is trivial.

For each 0 ¨ m ¨ n � 1 and 1 ¨ i ¨ k, let mi be the residue of m modulo pαi

i , and let
mi � riαi

. . . ri1 be the base pi representation of mi (possibly, with some leading zeroes). Now,
we put into correspondence to m the sequence rpmq � pr11, . . . , r1α1

, r21, . . . , rkαk
q. Hence rpmq

lies in a p1 � � � � � p1loooooomoooooon
α1 times

� � � � � pk � � � � � pkloooooomoooooon
αk times

grid N .

Surely, if rpmq � rpm1q then pαi

i

�� mi � m1
i, which follows pαi

i

�� m � m1 for all 1 ¨ i ¨ k;
consequently, n

�� m�m1. So, when m runs over the set t0, . . . , n � 1u, the sequences rpmq do
not repeat; since |N | � n, this means that r is a bijection between t0, . . . , n� 1u and N . Now
we will show that for each 1 ¨ i ¨ s, the set Li � trpmq : m P Piu is a subgrid, and that for
each axis there exists a subgrid orthogonal to this axis. Obviously, these subgrids cover N , and
the condition (ii1) follows directly from (ii). Hence the Lemma provides exactly the estimate
we need.

Consider some 1 ¨ j ¨ s and let dj � p
γ1

1 . . . p
γk

k . Consider some q P Pj and let rpqq �pr11, . . . , rkαk
q. Then for an arbitrary q1, setting rpq1q � pr111, . . . , r1kαk

q we have

q1 P Pj ðñ p
γi

i

�� q � q1 for each 1 ¨ i ¨ k ðñ ri,t � r1i,t for all t ¨ γi.

Hence Lj � tpr111, . . . , r1kαk
q P N : ri,t � r1i,t for all t ¨ γiu which means that Lj is a subgrid

containing rpqq. Moreover, in Ljpiq, all the coordinates corresponding to pi are fixed, so it is
orthogonal to all of their axes, as desired.
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Comment 1. The estimate in the problem is sharp for every n. One of the possible examples is the
following one. For each 1 ¨ i ¨ k, 0 ¨ j ¨ αi � 1, 1 ¨ k ¨ p� 1, let

Pi,j,k � kp
j
i � p

j�1
i Z,

and add the progression P0 � nZ. One can easily check that this set satisfies all the problem conditions.
There also exist other examples.

On the other hand, the estimate can be adjusted in the following sense. For every 1 ¨ i ¨ k, let
0 � αi0, αi1, . . . , αihi

be all the numbers of the form ordpi
pdjq in an increasing order (we delete the

repeating occurences of a number, and add a number 0 � αi0 if it does not occur). Then, repeating
the arguments from the solution one can obtain that

s © 1� ķ

i�1

hi̧

j�1

ppαj�αj�1 � 1q.
Note that pα � 1 © αpp � 1q, and the equality is achieved only for α � 1. Hence, for reaching the
minimal number of the progressions, one should have αi,j � j for all i, j. In other words, for each
1 ¨ j ¨ αi, there should be an index t such that ordpi

pdtq � j.

Solution 2. We start with introducing some notation. For positive integer r, we denoterrs � t1, 2, . . . , ru. Next, we say that a set of progressions P � tP1, . . . , Psu cover Z if each
integer belongs to some of them; we say that this covering is minimal if no proper subset of P
covers Z. Obviously, each covering contains a minimal subcovering.

Next, for a minimal covering tP1, . . . , Psu and for every 1 ¨ i ¨ s, let di be the step of
progression Pi, and hi be some number which is contained in Pi but in none of the other
progressions. We assume that n ¡ 1, otherwise the problem is trivial. This implies di ¡ 1,
otherwise the progression Pi covers all the numbers, and n � 1.

We will prove a more general statement, namely the following

Claim. Assume that the progressions P1, . . . , Ps and number n � pα1

1 . . . pαk

k ¡ 1 are chosen as
in the problem statement. Moreover, choose some nonempty set of indices I � ti1, . . . , itu � rks
and some positive integer βi ¨ αi for every i P I. Consider the set of indices

T � !j : 1 ¨ j ¨ s, and p
αi�βi�1
i

�� dj for some i P I
)

.

Then |T | © 1�
i̧PI βippi � 1q. (2)

Observe that the Claim for I � rks and βi � αi implies the problem statement, since the
left-hand side in (2) is not greater than s. Hence, it suffices to prove the Claim.

1. First, we prove the Claim assuming that all dj’s are prime numbers. If for some 1 ¨ i ¨ k

we have at least pi progressions with the step pi, then they do not intersect and hence cover all
the integers; it means that there are no other progressions, and n � pi; the Claim is trivial in
this case.

Now assume that for every 1 ¨ i ¨ k, there are not more than pi � 1 progressions with
step pi; each such progression covers the numbers with a fixed residue modulo pi, therefore
there exists a residue qi mod pi which is not touched by these progressions. By the Chinese
Remainder Theorem, there exists a number q such that q � qi pmod piq for all 1 ¨ i ¨ k; this
number cannot be covered by any progression with step pi, hence it is not covered at all. A
contradiction.
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2. Now, we assume that the general Claim is not valid, and hence we consider a counterex-
ample tP1, . . . , Psu for the Claim; we can choose it to be minimal in the following sense:
 the number n is minimal possible among all the counterexamples;
 the sum

°
i di is minimal possible among all the counterexamples having the chosen value

of n.

As was mentioned above, not all numbers di are primes; hence we can assume that d1 is
composite, say p1

�� d1 and d11 � d1

p1
¡ 1. Consider a progression P 1

1 having the step d11, and
containing P1. We will focus on two coverings constructed as follows.

(i) Surely, the progressions P 1
1, P2, . . . , Ps cover Z, though this covering in not necessarily

minimal. So, choose some minimal subcovering P 1 in it; surely P 1
1 P P 1 since h1 is not covered

by P2, . . . , Ps, so we may assume that P 1 � tP 1
1, P2, . . . , Ps1u for some s1 ¨ s. Furthermore, the

period of the covering P 1 can appear to be less than n; so we denote this period by

n1 � pα1�σ1

1 . . . pαk�σk

k � l.c.m.
�
d11, d2, . . . , ds1�.

Observe that for each Pj R P 1, we have hj P P 1
1, otherwise hj would not be covered by P.

(ii) On the other hand, each nonempty set of the form Ri � Pi X P 1
1 (1 ¨ i ¨ s) is also a

progression with a step ri � l.c.m.pdi, d
1
1q, and such sets cover P 1

1. Scaling these progressions
with the ratio 1{d11, we obtain the progressions Qi with steps qi � ri{d11 which cover Z. Now we
choose a minimal subcovering Q of this covering; again we should have Q1 P Q by the reasons
of h1. Now, denote the period of Q by

n2 � l.c.m.tqi : Qi P Qu � l.c.m.tri : Qi P Qu
d11 � p

γ1

1 . . . p
γk

k

d11 .

Note that if hj P P 1
1, then the image of hj under the scaling can be covered by Qj only; so, in

this case we have Qj P Q.

Our aim is to find the desired number of progressions in coverings P and Q. First, we have
n © n1, and the sum of the steps in P 1 is less than that in P; hence the Claim is valid for P 1.
We apply it to the set of indices I 1 � ti P I : βi ¡ σiu and the exponents β 1

i � βi � σi; hence
the set under consideration is

T 1 � !j : 1 ¨ j ¨ s1, and p
pαi�σiq�β1

i�1

i � p
αi�βi�1
i

�� dj for some i P I 1) � T X rs1s,
and we obtain that|T X rs1s| © |T 1| © 1�

i̧PI 1pβi � σiqppi � 1q � 1�
i̧PI pβi � σiq�ppi � 1q,

where pxq� � maxtx, 0u; the latter equality holds as for i R I 1 we have βi ¨ σi.
Observe that x � px� yq� �mintx, yu for all x, y. So, if we find at least

G �
i̧PI mintβi, σiuppi � 1q

indices in T X ts1 � 1, . . . , su, then we would have|T | � |TXrs1s|�|TXts1�1, . . . , su| © 1�
i̧PI�pβi�σiq��mintβi, σiu�ppi�1q � 1�

i̧PI βippi�1q,
thus leading to a contradiction with the choice of P. We will find those indices among the
indices of progressions in Q.
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3. Now denote I2 � ti P I : σi ¡ 0u and consider some i P I2; then pαi

i � �� n1. On the
other hand, there exists an index jpiq such that pαi

i

�� djpiq; this means that djpiq � �� n1 and hence
Pjpiq cannot appear in P 1, so jpiq ¡ s1. Moreover, we have observed before that in this case
hjpiq P P 1

1, hence Qjpiq P Q. This means that qjpiq �� n2, therefore γi � αi for each i P I2 (recall
here that qi � ri{d11 and hence djpiq �� rjpiq �� d11n2).

Let d11 � pτ1
1 . . . pτk

k . Then n2 � p
γ1�τ1
1 . . . p

γi�τi

k . Now, if i P I2, then for every β the condition

p
pγi�τiq�β�1

i

�� qj is equivalent to p
αi�β�1
i

�� rj.
Note that n2 ¨ n{d11   n, hence we can apply the Claim to the covering Q. We perform

this with the set of indices I2 and the exponents β2
i � mintβi, σiu ¡ 0. So, the set under

consideration is

T 2 � !j : Qj P Q, and p
pγi�τiq�mintβi,σiu�1

i

�� qj for some i P I2)� !j : Qj P Q, and p
αi�mintβi,σiu�1

i

�� rj for some i P I2) ,

and we obtain |T 2| © 1 �G. Finally, we claim that T 2 � T X �t1u Y ts1 � 1, . . . , su�; then we
will obtain |T X ts1 � 1, . . . , su| © G, which is exactly what we need.

To prove this, consider any j P T 2. Observe first that αi �mintβi, σiu � 1 ¡ αi � σi © τi,

hence from p
αi�mintβi,σiu�1

i

�� rj � l.c.m.pd11, djq we have p
αi�mintβi,σiu�1

i

�� dj, which means that
j P T . Next, the exponent of pi in dj is greater than that in n1, which means that Pj R P 1. This
may appear only if j � 1 or j ¡ s1, as desired. This completes the proof.

Comment 2. A grid analogue of the Claim is also valid. It reads as following.

Claim. Assume that the grid N is covered by subgrids L1, L2, . . . , Ls so that
(ii1) each subgrid contains a point which is not covered by other subgrids;
(iii) for each coordinate axis, there exists a subgrid Li orthogonal to this axis.
Choose some set of indices I � ti1, . . . , itu � rks, and consider the set of indices

T � tj : 1 ¨ j ¨ s, and Lj is orthogonal to the ith axis for some i P Iu .

Then |T | © 1�
i̧PIpni � 1q.

This Claim may be proved almost in the same way as in Solution 1.


